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COVARIANT OBSERVABLES ON A NONUNIMODULAR GROUP
J. KIUKAS
Abstrat. It is shown that the haraterization of ovariant positive operator measures on
nonunimodular loally ompat groups an be obtained by using vetor measure theoreti
methods, without an appliation of Makey's imprimitivity theorem.
1. Introdution
Covariant positive operator measures have an important physial signiane, as they rep-
resent phase spae translation ovariant quantum mehanial observables (see e.g. [10℄). On
the other hand, they an be used in quantization. Namely, in the ontext of a loally ompat,
seond ountable topologial group G with a Haar measure λ, eah positive normal ovariant
map Γ : L∞(G, λ)→ L(H), with L(H) the set of bounded operators on some separable Hilbert
spae H, is eligible to represent a quantization proedure [13, 11℄. The maps of this kind orre-
spond to ovariant positive operator measures via the assoiation B(G) ∋ B 7→ Γ(χB) ∈ L(H),
where B(G) is the Borel σ-algebra of G and χB the harateristi funtion of the set B.
Sine ovariant observables are essential in quantum mehanis, they have been studied quite
extensively. The anonial examples of ovariant observables are onstruted e.g. in [4℄, and
there are (at least) two ompletely dierent ways to obtain their haraterization: a group
theoretial approah [3℄, and a diret approah [9, 13, 11℄ based on the theory of integration
with respet to vetor measures. The latter approah was presented by Werner in [13℄ in
the ontext where G = R2n, and it was generalized to the ase of a unimodular group in
[11℄. The assumption of unimodularity was quite essential in the proof, and there is no trivial
way of getting rid of it. However, the group theoretial approah of [3℄, whih is based on
a generalization of Makey's imprimitivity theorem, works also in the nonunimodular ase,
whih raises a question of whether there is something "essentially group theoretial" in the
haraterization.
The purpose of this paper is to show that with some modiations, the diret approah indeed
works also in the nonunimodular ase. As in [13℄ and [11℄, the proof relies on the fat that
the Banah spae of trae lass operators on a separable Hilbert spae has the Radon-Nikodým
property. The essential dierene is that Lemma 3.1 of [13℄ and its generalization [11, Lemma
2℄ no longer hold if G is not unimodular. That result must be replaed by a weaker version,
whih is a onsequene of the lassial work of Duo and Moore [6℄ onerning square integrable
representations.
In [13℄ and [11℄, the haraterization of the positive normal ovariant maps was obtained
rst, and the haraterization for ovariant observables was then dedued from it. It this
paper, however, we nd it onvenient to use observables from the beginning.
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2. Preliminaries
LetH be a separable Hilbert spae with the inner produt 〈·|·〉 linear in the seond argument.
We let L(H), HS(H), and T (H) denote the Banah spaes of bounded, Hilbert-Shmidt, and
trae lass operators on H, respetively. We use the symbols ‖ · ‖, ‖ · ‖HS and ‖ · ‖Tr for the
norms of these spaes. The symbol U(H) stands for the set of unitary operators on H, and T
denotes the group of omplex numbers with modulus one.
For a linear, not neessarily bounded operator A on H, the symbol D(A) denotes the domain
of denition of A. If ϕ ∈ H, we use the symbol |ϕ〉〈ϕ| for the operator ψ 7→ 〈ϕ|ψ〉ϕ.
Let Aut(T (H)) denote the group of positive, trae-norm preserving linear bijetions from
T (H) onto itself. The group Aut(T (H)) is equipped with the weak topology given by the set
of funtionals u 7→ Tr[Au(T )], where A ∈ L(H), T ∈ T (H). For u ∈ Aut(T (H)), the adjoint
map u∗ : L(H)→ L(H) restrited to T (H) is equal to u−1. It follows from the Wigner theorem
that for eah u ∈ Aut(T (H)) there is either a unitary or an antiunitary operator U , suh that
u(T ) = UTU∗ for all T ∈ T (H). Clearly then u−1 is given by u−1(T ) = U∗TU .
Let G be a loally ompat (not neessarily unimodular) seond ountable (Hausdor) topo-
logial group, with a left Haar measure λ. Let λ˜ denote the right Haar measure B 7→ λ(B−1),
and let ∆ be the modular funtion so that λ˜(B) =
∫
B
∆(g)−1dλ(g) for all Borel sets B. Now
λ and λ˜ have the same null sets, and both of them are σ-nite. We let B(G) denote the Borel
σ-algebra of the subsets of G.
The following denition was used in [11℄ for the measurability of a vetor valued funtion. It
is sometimes alled strong measurability (see e.g. [5, p. 41℄).
A funtion f dened on G and having values in some Banah spae is said to be λ-measurable,
if for eah B ∈ B(G) of nite λ-measure there is a sequene of λ-simple funtions onverging to
χBf in λ-measure (or, equivalently, there is a sequene of λ-simple funtions whih onverges
λ-almost everywhere to χBf) [7, pp. 106, 150℄. In the ase where the value spae of f is
separable (in partiular, if f is salar-valued), λ-measurability is equivalent to the measurability
with respet to the Lebesgue extension of the σ-algebra B(G) with respet to λ [7, p. 148℄.
Measurability with respet to λ˜ is of ourse dened in the same way. Sine G is σ-ompat,
with λ and λ˜ having the same null sets and being nite on ompat sets, it follows that a vetor
valued funtion is λ-measurable if and only if it is λ˜-measurable.
We let L∞(Ω, λ) denote the Banah spae of (equivalene lasses of) omplex valued, λ-
measurable, λ-essentially bounded funtions.
An observable is a positive normalized operator measure, i.e. a positive operator valued
map E : B(G) → L(H), whih is weakly (or, equivalently, strongly) σ-additive, and suh that
E(G) = I.
In [11℄, the starting point was to introdue a ontinuous homomorphism β : G → Aut(H),
with the property that
∫
Tr[P1β(g)(P2)]dλ(g) = d for all one dimensional projetions P1 and
P2, with 0 < d < ∞ a xed onstant. If G is onneted, and not unimodular, there are no
suh homomorphisms (see Lemma 3 and the Remark () following Lemma 1). Instead, we
have to start with the onept of projetive unitary representation, whih is used extensively
in quantum mehanis (see e.g. [12, Chapter VII℄). It is dened as follows.
A map U : G→ U(H) is a projetive unitary representation, if
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(i) the map g 7→ U(g) is weakly Borel, i.e. g 7→ 〈ψ|U(g)ϕ〉 is a Borel funtion for all
ψ, ϕ ∈ H;
(ii) U(e) = I, where e is the neutral element of G;
(iii) there is a Borel map m : G × G → T, suh that U(gh) = m(g, h)U(g)U(h) for all
g, h ∈ G. The map m (learly unique) is alled the multiplier of U .
The irreduibility of a projetive unitary representation is dened in the same way as in the
ase of ordinary unitary representations. For eah projetive unitary representation U : G →
U(H), we let βU : G→ Aut(T (H)) be the map given by βU(g)(S) = U(g)SU(g)∗.
We need the following simple result, whih is, of ourse, well known.
Lemma 1. Let U : G → U(H) be a projetive unitary representation. Then the map βU is
a group homomorphism, with the property that for eah A ∈ L(H) and S ∈ T (H), the map
g 7→ Tr[AβU(g)(S)] is a Borel funtion.
Proof. It is obvious that βU is a group homomorphism. Sine the map g 7→ U(g) is weakly
Borel, all the maps g 7→ 〈ψ|U(g)ϕ〉〈U(g)ϕ′|ψ′〉, with ϕ, ϕ′, ψ, ψ′ ∈ H, are Borel funtions. The
separability of H implies that the funtion g 7→ Tr[AβU(g)(S)] is a (pointwise) limit of linear
ombinations of suh maps, and hene it is Borel. 
Remark. The following remarks provide some additional, basially well-known fats on the
map βU assoiated with a projetive unitary representation U . However, we do not need to
use these fats in this paper; they serve as a onnetion to the paper [11℄, where a ontinuous
homomorphism β : G 7→ Aut(T (H)) had a entral role.
(a) Sine H is separable, ontaining a ountable dense set M , it follows that the whole
topology of Aut(T (H)) is given by the ountable family of funtionals
F = {u 7→ Tr[|ψ〉〈ψ|u(|ϕ〉〈ϕ|)] | ψ, ϕ ∈M}.
This is a onsequene of the fat that while the Wigner isomorphism Σ ∋ [U ] 7→ βU ∈
Aut(T (H)) (see e.g. [2, Chapter 2℄) is ontinuous when Aut(T (H)) is equipped with
the usual topology, its inverse is ontinuous even when Aut(T (H)) is onsidered with
the (a priori weaker) topology given by the family F ; see the proof of [2, Proposition
10℄. Here Σ denotes the equivalene lasses of all unitary and antiunitary operators on
H, with the equivalene relation being equality up to a phase fator. It follows that
Aut(T (H)) is seond ountable, and the βU of the preeding lemma is a Borel funtion
(with respet to the Borel struture given by the assoiated topologies).
(b) A lassial theorem of von Neumann states that a Borel homomorphism from a seond
ountable topologial group to another is ontinuous, provided that the former group is
loally ompat (see e.g. [12, p. 181℄). Hene, the βU of the preeding lemma is in fat
ontinuous (so that eah map g 7→ Tr[AβU(g)(T )], with A ∈ L(H) and T ∈ T (H), is
suh).
() As mentioned before, eah u ∈ Aut(T (H)) is of the form u(T ) = UTU∗ for some unitary
or antiunitary operator U on H. It follows that, in the ase where G is onneted, eah
ontinuous homomorphism β : G → Aut(T (H)) is of the form βU for some projetive
unitary representation U : G→ U(H). Moreover, it is easily seen that the irreduibility
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of U is equivalent to the following ondition:
(1) for all one-dimensional projetions P1, P2, there is g ∈ G, with Tr[P1βU(g)(P2)] 6= 0.
Thus, in the ase where G is onneted, the irreduible projetive representations U :
G → U(H) are in a one-to-one orrespondene with the ontinuous homomorphisms
β : G→ Aut(T (H)) with the property (1).
The following result an be extrated from some of the proofs in [11℄. We give the proof here
for larity.
Lemma 2. Let U : G → U(H) be a projetive unitary representation, and v : G → T (H) a
λ-measurable funtion. Then also the funtions g 7→ βU(g)(v(g)) and g 7→ βU(g−1)(v(g)) are
λ-measurable.
Proof. First we notie that for eah S ∈ T (H), the map g 7→ βU(g−1)(S) is λ-measurable.
Indeed, let S ∈ T (H). It follows from Lemma 1 that G ∋ g 7→ w∗(βU(g−1)(S)) ∈ C is a Borel
funtion, and hene λ-measurable for eah w∗ ∈ T (H)∗ ∼= L(H). Sine T (H) is separable (see
e.g. [11, Lemma 5℄), this implies by [7, p. 149℄ that the map g 7→ βU(g−1)(S) is λ-measurable.
Now let B ∈ B(G) be suh that λ(B) < ∞. Sine v is λ-measurable, there is a sequene
(v˜n) of λ-simple funtions vanishing outside B and onverging λ-a.e. to χBv. Sine the map
g 7→ βU(g−1)(S) is λ-measurable for eah S ∈ T (H), also the funtions g 7→ βU(g−1)(v˜n(g)),
are λ-measurable. Now βU(g
−1)(v˜n(g)) −→ χB(g)βU(g−1)(v(g)) for λ-almost all g, beause
eah βU(g
−1) ∈ Aut(H) is ontinuous, so the limit is λ-measurable [7, p. 150℄. Thus also
g 7→ βU(g−1)(v(g)) is λ-measurable.
The λ-measurability of g 7→ βU(g)(v(g)) is established similarly. 
A projetive representation U : G → U(H) is alled square integrable, if there exist nonzero
vetors ϕ, ψ ∈ H, suh that the funtion g 7→ |〈ψ|U(g)ϕ〉|2 is λ-integrable. The theory of
square integrable representations is usually presented only in the ontext of ordinary unitary
representations. An essential result is that for an irreduible, square integrable representation
U , there exists a unique, densely dened, injetive, positive selfadjoint operator K, alled the
formal degree of U , suh that U(g)K = ∆(g)−1KU(g) for all g ∈ G, and ∫ |〈ψ|U(g)ϕ〉|2dλ(g) =
‖ψ‖2‖K− 12ϕ‖2 for all ϕ, ψ ∈ H, with the understanding that ‖K− 12ϕ‖ = ∞ whenever ϕ /∈
D(K−
1
2 ) [6, Theorem 3℄. However, this holds also in the ase of square integrable projetive
representations (see e.g. [1, Remark 2℄), whih is seen by using the well-known fat that the map
(t, g) 7→ t−1U(g) is an ordinary representation of the group T×m G, where m is the multiplier
of U . (Reall that the set T×G, equipped with the omposition (t, g)(t′, g′) = (m(g, g′)tt′, gg′),
beomes a loally ompat seond ountable topologial group, denoted by T×mG, whose Borel
struture oinides with the produt Borel struture on T × G; see e.g. [12, p. 253℄). In this
ase, the formal degree of the projetive unitary representation U is dened to be the formal
degree of the unitary representation (t, g) 7→ t−1U(g), whih is learly square integrable if and
only if U is suh.
If U : G→ U(H) is an irreduible square integrable projetive unitary representation, we let
CU denote the square root of the formal degree of U . The following Lemma lists the properties
of this operator, in the form whih is onvenient for our purposes. It is a diret onsequene of
[6, Theorem 3℄.
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Lemma 3. Let U : G → U(H) be an irreduible square integrable projetive unitary represen-
tation.
(a) Let S be a positive trae lass operator, and ϕ ∈ H. Then∫
〈ϕ|βU(g)(S)ϕ〉dλ˜(g) =
∫
Tr[SβU(g)(|ϕ〉〈ϕ|)]dλ(g) = Tr[S]‖C−1U ϕ‖2,
with the understanding that ‖C−1ϕ‖2 =∞ whenever ϕ /∈ D(C−1U ).
(b) CU and C
−1
U are densely dened, selfadjoint, positive, and injetive, and satisfy
U(g)CU = ∆(g)
−
1
2CUU(g) g ∈ G,
U(g)C−1U = ∆(g)
1
2C−1U U(g) g ∈ G.
In partiular, U leaves D(CU) and D(C
−1
U ) invariant.
() CU is bounded if and only if G is unimodular. In that ase, CU is a multiple of the
identity.
Proof. Assume rst that S = |ψ〉〈ψ| for some unit vetor ψ ∈ H. Now∫
〈ϕ|βU(g)(S)ϕ〉dλ˜(g) =
∫
Tr[βU(g
−1)(S)|ϕ〉〈ϕ|]dλ(g) =
∫
Tr[SβU(g)(|ϕ〉〈ϕ|)]dλ(g)
=
∫
|〈ψ|U(g)ϕ〉|2dλ(g).
It follows from Theorem 3 of [6℄ that the last integral is nite if and only if ϕ ∈ D(C−1U ),
and is equal to ‖C−1U ϕ‖2 in that ase. This proves (a) for S = |ψ〉〈ψ|. Sine the integrands
above are all positive, the general ase follows by writing S =
∑
n tn|ψn〉〈ψn| and using the
monotone onvergene theorem. This proves (a). Sine the formal degree of U is densely
dened, selfadjoint, positive and injetive, so are CU and C
−1
U [8, p. 1189℄. Sine the formal
degree of U is the formal degree of the unitary representation (t, g) 7→ t−1U(g), and the modular
funtion of T×m G is (t, g) 7→ ∆(g), Theorem 3 of [6℄ gives U(g)C2U = ∆(g)−1C2UU(g) for eah
g ∈ G. By using the spetral representation of the formal degree C2U , we see that the rst
of the equalities in (b) holds. The seond is a onsequene of the rst and the fat that
U(g)−1 = m(g, g−1)−1U(g−1), where m is the multiplier of U . For part (), see the note
following Theorem 3 of [6℄. 
The following orollary is a generalization of Lemma 2 of [11℄, whih no longer holds in the
non-unimodular ase.
Corollary 1. Let U be an irreduible square integrable projetive representation, and let S ∈
T (H) and A ∈ L(H) be positive operators. Then∫
Tr[AβU(g)(S)]dλ(g) = Tr[A]‖C−1U
√
S‖2HS.
(Here we have denoted ‖C−1U
√
T‖HS = ∞ whenever C−1U
√
T /∈ HS(H), and used the on-
ventions 0 · ∞ = 0 and ∞ · ∞ = ∞.) In partiular, if A 6= O and S 6= O, the funtion
g 7→ Tr[AβU(g)(S)] is λ-integrable if and only if A ∈ T (H) and C−1U
√
S ∈ HS(H).
Proof. Clearly the ase where either A = O or S = O is trivial, so we an proeed by assuming
that both are nonzero.
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(1) If A ∈ T (H) is positive and S = |η〉〈η|, with η ∈ H a unit vetor, we are in the situation
of Lemma 3 (a).
(2) Let A, S ∈ T (H) be positive and nonzero. Let (wn) be a sequene of nonnegative num-
bers and (ηn) an orthonormal sequene of vetors suh that S =
∑
nwn|ηn〉〈ηn|. Sine
eah βU(g) is trae norm ontinuous, it follows from Lemma 3 (a) and the monotone on-
vergene theorem that
∫
Tr[AβU (g)(S)]dλ(g) = Tr[A]M , where M =
∑
n wn‖C−1U ηn‖2
(with the understanding that ‖C−1U ηn‖ =∞ whenever ηn /∈ D(C−1U )).
If M = ∞, then C−1U
√
S annot be a Hilbert-Shmidt operator, sine otherwise
‖C−1U
√
S‖2HS =
∑
ξ∈K ‖C−1
√
Sξ‖2 =M <∞, where K is an orthonormal basis inluding
all the ηn. Hene ‖C−1U
√
S‖2HS =∞ =M .
Assume then that M < ∞, so that, in partiular, ηn ∈ D(C−1U ) for all those n ∈ N
for whih wn > 0. Let ϕ ∈ H. Sine the series
√
S =
∑
n
√
wn|ηn〉〈ηn| onverges in the
operator norm, the vetor series
∑
n
√
wn〈ηn|ϕ〉ηn onverges to
√
Sϕ in the norm of H.
Sine (ηn) is orthonormal, the Cauhy-Shwarz inequality gives∑
n
√
wn|〈ηn|ϕ〉|‖C−1U ηn‖ ≤
√
M‖ϕ‖ <∞,
so also the series
∑
n
√
wn〈ηn|ϕ〉C−1U ηn onverges in H. Sine C−1U is losed by Lemma
3 (b), it follows that
√
Sϕ ∈ D(C−1U ) and C−1U
√
Sϕ equals the sum of the latter series.
In partiular, D(C−1U
√
S) = H. Now the previous inequality shows that ‖C−1U
√
Sϕ‖ ≤√
M‖ϕ‖, so C−1U
√
S is bounded. Clearly ‖C−1U
√
S‖2HS =
∑
ξ∈K ‖C−1U
√
Sξ‖2 =M <∞ if
K is an orthonormal basis ofH whih inludes all the ηn, so C−1U
√
S is a Hilbert-Shmidt
operator, with ‖C−1U
√
S‖2HS =M .
(3) We are left with the general ase, with A and S nonzero. By repeating the steps 3 and
4 in the proof of Lemma 2 of [11℄ (with obvious alterations), we see that the Corollary
is true in this ase also. (Notie that this inludes the possibility that C−1U
√
S is not a
Hilbert-Shmidt operator.) The proof is omplete.

3. Covariant observables and normal ovariant maps
Now we are ready to proeed to the atual setting. We x U : G→ U(H) to be an irreduible
projetive unitary representation, and let β : G → Aut(T (H)) denote the assoiated map βU .
(Aording to the Remark following that lemma, in the ase where G is onneted, it would
be equivalent to start with a ontinuous group homomorphism β, with the property (1), as
was done in [11℄.) The projetive representation U and the assoiated map β will remain xed
throughout the rest of the paper.
The following denition for ovariane was used in [11℄.
Denition.
(a) A linear map Γ : L∞(G, λ) → L(H) is β-ovariant, if β(g)∗(Γ(f)) = Γ(f(g·)) for all
f ∈ L∞(G, λ), g ∈ G.
(b) An observable E : B(G)→ L(H) is β-ovariant if β(g)∗(E(B)) = E(g−1B) for all g ∈ G
and B ∈ B(G).
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As mentioned in [11℄, eah normal (i.e. weak-* ontinuous) linear positive β-ovariant map
Γ : L∞(G, λ) → L(H), with Γ(g 7→ 1) = I, denes a β-ovariant observable B 7→ Γ(χB).
Conversely, eah β-ovariant observable E gives rise to a normal linear map Γ : L∞(G, λ) →
L(H) via the ultraweak operator integrals Γ(f) = ∫ fdE, where ϕ, ψ ∈ H. The proof of the
latter statement was given in [11℄ in the unimodular ase, but it holds also in general. (See
the disussion preeding Lemma 6 of [11℄, and notie that part (a) of the lemma does not use
unimodularity.)
Thus, normal ovariant maps are essentially the same as ovariant observables. In [11℄,
normal ovariant maps were used in proving the haraterization. Here we use observables.
Our main result, Theorem 2, has the following, easily proved onverse.
Theorem 1. Assume that U is square integrable, and let S be a positive operator of trae one.
Then there is a β-ovariant observable E : B(G)→ L(H), suh that
〈ϕ|E(B)ψ〉 =
∫
B
〈CUϕ|β(g)(S)CUψ〉dλ˜(g), B ∈ B(G), ϕ, ψ ∈ D(CU).
Proof. It follows from Lemma 3 (a) and the polarization identity that the integrals of the above
form exist. Let B ∈ B(G), and dene a symmetri sesquilinear form ΦB : D(CU)×D(CU)→ C
by
ΦB(ψ, ϕ) =
∫
B
〈CUψ|β(g)(S)CUϕ〉dλ˜(g).
It follows from Lemma 3 (a) that 0 ≤ ΦB(ϕ, ϕ) ≤ ‖ϕ‖2 for all ϕ ∈ D(CU). Hene, by using
the polarization identity and the density of D(CU), we an extend ΦB to a bounded symmetri
sesquilinear form dened on H × H. Thus, there is a selfadjoint operator E(B) ∈ L(H),
suh that 〈ψ|E(B)ϕ〉 = ∫
B
〈CUϕ|β(g)(S)CUψ〉dλ˜(g) for all ψ, ϕ ∈ D(CU). Moreover, we have
0 ≤ E(B) ≤ I, E(∅) = O and E(G) = I. It follows from the σ-additivity of the indenite
integral that B 7→ 〈ϕ|E(B)ϕ〉 is a positive measure for eah ϕ ∈ D(CU). Sine D(CU) is dense
and ‖E(B)‖ ≤ 1 for eah B ∈ B(G), it follows that B 7→ 〈ϕ|E(B)ϕ〉 is a positive measure for
eah ϕ ∈ H.
Indeed, let ϕ ∈ H, and (ϕn) be a sequene of vetors in D(CU) onverging to ϕ. It is lear
that B 7→ 〈ϕ|E(B)ϕ〉 beomes additive. Let (Bk) a dereasing sequene of sets in B(G) with
empty intersetion. Sine ‖E(Bk)‖ ≤ 1 for all k, the limit limn〈ϕn|E(Bk)ϕn〉 = 〈ϕ|E(Bk)ϕ〉
exists uniformly for k ∈ N, so that
lim
k
〈ϕ|E(Bk)ϕ〉 = lim
k
lim
n
〈ϕn|E(Bk)ϕn〉 = lim
n
lim
k
〈ϕn|E(Bk)ϕn〉 = 0,
implying that 〈ϕ|E(·)ϕ〉 is a positive measure.
Hene, B 7→ E(B) is a positive normalized operator measure. We are left to prove that E
is β-ovariant. Take h ∈ G, B ∈ B(G), and ϕ ∈ D(CU). By using Lemma 3 (b) and the left
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invariane of λ, we get
〈ϕ|β(h−1)∗(E(B))ϕ〉 = 〈U(h−1)ϕ|E(B)U(h−1)ϕ〉 =
∫
B
〈CUU(h−1)ϕ|β(g)(S)CUU(h−1)ϕ〉dλ˜(g)
=
∫
B
∆(h−1)〈U(h−1)CUϕ|β(g)(S)U(h−1)CUϕ〉dλ˜(g)
=
∫
B
∆(h−1)〈CUϕ|β(h−1)−1(β(g)(S))CUϕ〉dλ˜(g)
=
∫
B
〈CUϕ|β(hg)(S)CUϕ〉∆((hg)−1)dλ(g)
=
∫
hB
〈CUϕ|β(g)(S)CUϕ〉∆(g−1)dλ(g)
=
∫
hB
〈CUϕ|β(g)(S)CUϕ〉dλ˜(g) = 〈ϕ|E(hB)ϕ〉,
proving the ovariane of E. 
Theorem 1 states that when the projetive representation U is square integrable, there exist
β-ovariant observables. Part (b) of the following proposition gives the interesting fat that the
onverse is also true: the existene of a β-ovariant observable implies the square integrability
of U . This result is ontained in [3, Theorem 2℄, proved using the generalized imprimitivity
theorem. Here we give a simple diret proof whih uses only the properties of Haar measures
(and basi operator theory).
Proposition 1. Assume that there is a β-ovariant observable E : B(G)→ L(H).
(a) If B ∈ B(G), then
λ˜(B) =
∫
Tr[β(g−1)∗(E(B))S]dλ(g)
for all positive operators S of trae one.
(b) The irreduible projetive representation U is square-integrable.
Proof. LetB ∈ B(G), let S ∈ T (H) be positive and of trae one, and let µ denote the probability
measure B 7→ Tr[E(B)S]. Now
λ˜(B) = λ(B−1) =
∫ (∫
χB−1(g)dλ(g)
)
dµ(g′) =
∫ (∫
χB−1((g
′)−1g)dλ(g)
)
dµ(g′)
=
∫ (∫
χB−1((g
′)−1g)dµ(g′)
)
dλ(g) =
∫ (∫
gB
dµ(g′)
)
dλ(g)
=
∫
Tr[E(gB)S]dλ(g) =
∫
Tr[β(g−1)∗(E(B))S]dλ(g),
where the left invariane of λ, Fubini's theorem and the β-ovariane of E have been used. This
proves (a). To prove (b), take any B ∈ B(G), suh that 0 < λ˜(B) < ∞. Sine (a) holds, we
have E(B) 6= 0, so by the spetral theorem, there is a nonzero projetion P , and a real number
t > 0, suh that tP ≤ E(B). Take any unit vetor ϕ ∈ P (H). Now t|ϕ〉〈ϕ| ≤ E(B), so by
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using (a) we get
t
∫
|〈ϕ|U(g)ϕ〉|2dλ(g) = t
∫
Tr[|ϕ〉〈ϕ|β(g−1)(|ϕ〉〈ϕ|)]dλ(g) ≤ λ˜(B) <∞,
proving (b). 
From now on, we assume that there exists a β-ovariant observable, so U is square integrable
by Proposition 1 (b). For simpliity, we let C denote the operator CU .
Lemma 4. Let E : B(G)→ L(H) be a β-ovariant observable. Then
λ˜(B) = ‖C−1E(B) 12‖2HS, B ∈ B(G),
where it is understood that ‖C−1E(B) 12‖HS =∞ whenever C−1E(B) 12 /∈ HS(H).
Proof. Let ϕ ∈ H be a unit vetor, and {ϕn} an orthonormal basis of H ontaining ϕ. Let
ψ ∈ H be any unit vetor. Now Proposition 1 (a), the monotone onvergene theorem, and
Lemma 3 (a) give
λ˜(B) =
∫
Tr[β(g−1)∗(E(B))|ψ〉〈ψ|]dλ(g) =
∫
Tr[E(B)β(g−1)(|ψ〉〈ψ|)]dλ(g)
=
∫
Tr[E(B)
1
2β(g)(|ψ〉〈ψ|)E(B) 12 ]dλ˜(g)
=
∞∑
n=1
∫
〈E(B) 12ϕn|β(g)(|ψ〉〈ψ|)E(B) 12ϕn〉dλ˜(g)
=
∞∑
n=1
‖C−1E(B) 12ϕn‖2.
This holds regardless of whether λ˜(B) is nite or not, with the understanding that ‖C−1E(B) 12ϕn‖ =
∞ if E(B) 12ϕn /∈ D(C−1).
If λ˜(B) = ∞, the above alulation shows that C−1E(B) 12 /∈ HS(H) (it need not even be
bounded). Thus then λ˜(B) =∞ = ‖C−1E(B) 12‖2HS.
Assume now that λ˜(B) < ∞. It follows that the above series onverges, so, in partiular,
E(B)
1
2ϕn ∈ D(C−1) for all n ∈ N. Sine the basis was hosen to ontain the arbitrarily piked
unit vetor ϕ ∈ H, we get D(C−1E(B) 12 ) = H. Sine C−1 is selfadjoint, it is losed, so also
C−1E(B)
1
2
is losed (beause E(B)
1
2
is bounded). Sine the domain of C−1E(B)
1
2
is all of
H, it follows by the losed graph theorem that C−1E(B) 12 is bounded. The above alulation
now shows that it is of the Hilbert-Shmidt lass, with λ˜(B) = ‖C−1E(B) 12‖2HS. The proof is
omplete. 
Remark. Notie that this result generalizes the relation Tr[E(B)] = d−1λ(B), whih holds
in the unimodular ase, with d−1I the formal degree (see the proof of Lemma 6 (b) of [11℄).
The next Theorem states that every β-ovariant observable is of the form of Theorem 1 for
some positive operator S of trae one. This is analogous to Theorem 3 of [11℄, where the formal
degree is d−1I. By using Lemma 3 (b) and the fat that dλ(g) = ∆(g)dλ˜(g), we see that this
haraterization is indeed the same as that of [3, Theorem 2℄. While the proof of [3, Theorem
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2℄ is based on the generalized imprimitivity theorem, the following proof relies on the fat that
as a separable dual spae, T (H) has the Radon-Nikodým property [5, p. 79℄.
Theorem 2. Let E : B(G) → L(H) be a β-ovariant observable. Then there is a unique
positive operator S ∈ T (H) of trae one, suh that
(2) 〈ϕ|E(B)ψ〉 =
∫
B
〈Cϕ|β(g)(S)Cψ〉dλ˜(g), B ∈ B(G), ϕ, ψ ∈ D(C).
Proof. Let B ∈ B(G) be suh that λ˜(B) < ∞, and let EB be the Hilbert-Shmidt operator
C−1E(B)
1
2
(see Lemma 4). Now dene A(B) = EBE
∗
B, so that A(B) is a positive trae lass
operator. If {ψn} is any orhonormal basis of H, we have
Tr[A(B)] =
∑
n
〈ψn|A(B)ψn〉 =
∑
n
‖E∗Bψn‖2 = ‖E∗B‖2HS = ‖EB‖2HS = λ˜(B)
by Lemma 4. Thus
(3) Tr[A(B)] = λ˜(B), B ∈ B(G), λ˜(B) <∞.
Now E(B)
1
2C−1 ⊂ E∗B beause C−1 is selfadjoint, so that
(4) A(B)ϕ = EBE
∗
Bϕ = C
−1E(B)C−1ϕ for eah ϕ ∈ D(C−1).
Let B ∈ B(G), λ˜(B) <∞. Let h ∈ G. Now also λ˜(hB) = ∆(h−1)λ˜(B) <∞. Let ϕ ∈ D(C−1).
By Lemma 3 (b), U(h)∗ϕ = m(h, h−1)U(h−1)ϕ ∈ D(C−1), where m is the multiplier of U .
Using ovariane and Lemma 3 (b), we get
A(hB)ϕ = C−1E(hB)C−1ϕ = C−1U(h)E(B)U(h)∗C−1 = ∆(h)−1U(h)C−1E(B)C−1U(h)∗ϕ
= ∆(h)−1U(h)A(B)U(h)∗ϕ = ∆(h)−1β(h)(A(B))ϕ.
Sine A(hB) and β(h)(A(B)) are bounded, and D(C−1) is dense, we get
(5) A(hB) = ∆(h)−1β(h)(A(B)), h ∈ G, B ∈ B(G), λ˜(B) <∞.
Now we an proeed in muh the same way as in the proof of Proposition 1 of [11℄. For any
D ∈ B(G), we let B(D) denote the σ-algebra {B ∩D | B ∈ B(G)}. If D ∈ B(G) is suh that
λ˜(D) < ∞, then (3) implies that A(B) ∈ T (H) for eah B ∈ B(D), so we have a set funtion
µD : B(D) → T (H), dened by B 7→ A(B). This set funtion is additive, with µD(∅) = O,
sine E is an operator measure and (4) holds. Moreover, (3) implies that µD is σ-additive with
respet to the trae norm, i.e. µD is a T (H)-valued vetor measure.
Sine λ˜ is σ-nite, we an write G =
⋃
n∈NKn with (Kn) a sequene of disjoint sets in B(G)
of nite λ˜-measure. Denote by λ˜n the restrition of λ˜ to the σ-algebra B(Kn), and let µn = µKn
for eah n ∈ N. Now (3) implies that the vetor measure µn is a λ˜n-ontinuous, with the
variation |µn| bounded and given by
|µn|(B) := sup
{∑
D∈pi
‖A(D)‖Tr | pi a nite disjoint partition of B
}
= λ˜(B)
for all B ∈ B(Kn). (See [5, pp. 1-2, 11℄ for the denitions).
Sine eah µn is λ˜n-ontinuous and of bounded variation, and eah measure λ˜n is nite, it
follows from the Radon-Nikodym property of T (H) [5, p. 79℄ that for eah n ∈ N there is a λ˜n-
integrable funtion vn : Kn → T (H), suh that A(B) = µn(B) =
∫
B
vndλ˜n for all B ∈ B(Kn).
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Moreover, λ˜(B) = |µn|(B) =
∫
B
‖vn(g)‖Tr dλ˜n(g) [5, p. 46℄, so that ‖vn(g)‖Tr = 1 for λ˜-almost
all g ∈ Kn [5, Corollary 5, p. 47℄. Sine A(B) is positive for all B ∈ B(Kn), we have that for
eah ϕ ∈ H, there is a null set Nϕ ⊂ Kn, suh that 〈ϕ|vn(g)ϕ〉 ≥ 0 for all g ∈ Kn \Nϕ. Sine
H, being separable, ontains a ountable dense subset, it follows that for almost all g ∈ Kn,
〈ϕ|vn(g)ϕ〉 ≥ 0 for all ϕ ∈ H, whih means that vn(g) is a positive operator for almost all
g ∈ Kn. Thus vn(g) is a positive operator of trae one for almost all g ∈ Kn.
The funtion vn in the representation µn(B) =
∫
B
vndλ˜n is λ˜n-essentially unique by [5,
Corollary 5, p. 47℄.
For eah n ∈ N, we denote by vn also the funtion dened on the whole of G whih oinides
with vn in Kn and vanishes elsewhere. Let v =
∑
∞
n=1 vn (pointwise). Sine v is a pointwise
limit of λ˜-measurable funtions, it is itself λ˜-measurable. (Note that sine the Kn are disjoint,
v(g) = vn(g) for g ∈ Kn.) Clearly
(6) ‖v(g)‖Tr = 1 , v(g) ≥ 0 for almost all g ∈ G.
Consequently, (see [5, Theorem 2, p. 45℄), v is λ˜-integrable over any set B ∈ B(G) of nite
λ˜-measure. Now let B ∈ B(G) be suh that λ˜(B) <∞. For any k ∈ N, we have∫
∪k
n=1
Kn
χBvdλ˜ =
k∑
n=1
∫
B∩Kn
vndλ˜n =
k∑
n=1
A(B ∩Kn) =
k∑
n=1
µB(B ∩Kn),
so by the σ-additivity of the indenite integral of χBv, the series
∑
∞
n=1 µB(Kn) (of trae lass
operators) onverges in the trae norm to (the trae lass operator)
∫
B
vdλ˜. On the other hand,
also µB is σ-additive with respet to the trae norm, so this series onverges to µB(B) = A(B).
Hene,
(7) A(B) =
∫
B
vdλ˜ for all B ∈ B(G) with λ˜(B) <∞.
The funtion v in this representation is learly λ˜-essentially uniquely determined.
Next, let B ∈ B(G) be suh that λ˜(B) <∞, and h ∈ G. Now also λ˜(hB) = ∆(h−1)λ˜(B) <
∞. By the left invariane of λ, (7), (5), and the fat that β(h) is a trae norm ontinuous linear
map, we get
∆(h−1)
∫
B
v(hg)dλ˜(g) =
∫
B
v(hg)∆(g−1)∆(h−1)dλ(g) =
∫
χB(g)v(hg)∆((hg)
−1)dλ(g)
=
∫
χB(h
−1g)v(g)∆(g−1)dλ(g) =
∫
hB
vdλ˜ = A(hB)
= ∆(h−1)β(h)(A(B)) = ∆(h−1)
∫
B
β(h)(v(g))dλ˜(g).
Sine λ˜ is σ-nite, this implies (by [5, Corollary 5, p. 47℄) that
(8) for eah h ∈ G, β(h)(v(g)) = v(hg) for λ-almost all g ∈ G.
Here we have used also the fat that λ˜ and λ have the same null sets. Dene the funtion
v0 : G → T (H) by v0(g) = β(g−1)(v(g)). Then v0 is λ-measurable by Lemma 2. Let h ∈ G.
Now v(g) = β(g)(v0(g)) for eah g, so using (8), we get
β(h)(β(g)(v0(g))) = β(h)(v(g)) = v(hg) = β(hg)(v0(hg)),
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for λ-almost all g, from whih it follows (sine β is a homomorphism) that
(9) for eah h ∈ G, v0(g) = v0(hg) for λ-almost all g ∈ G.
In addition, sine eah β(g−1) preserves the trae norm, it follows from (6) that v0 is a λ˜-
essentially bounded funtion, so Lemma 4 of [11℄ an be applied to get an S ∈ T (H), suh that
v0(g) = S for λ-almost all g ∈ G, i.e. v(g) = β(g)(S) for λ-almost all g ∈ G. It now follows
from (7) that
(10) A(B) =
∫
B
β(g)(S)dλ˜(g) for all B ∈ B(G) with λ˜(B) <∞.
Sine the funtion v was λ˜-essentially unique in the representation (7), it follows by [5, Corollary
5, p. 47℄ that S in the representation (10) is uniquely determined. Sine v(g) is positive and
of trae one for almost all g ∈ G, and eah β(g−1) preserves positivity and the trae norm, we
see that S must be a positive operator of trae one.
Next, let B ∈ B(G) be arbitrary, and let ϕ ∈ D(C−1). Denote T = |ϕ〉〈ϕ|. We have
〈C−1ϕ|E(B)C−1ψ〉 =
∞∑
n=1
Tr[TA(B ∩Kn)] =
∞∑
n=1
∫
B∩Kn
Tr[Tβ(g)(S)]dλ˜(g)
=
∫
B
Tr[Tβ(g)(S)]dλ˜(g),
where the rst equality follows sine 〈C−1ϕ|E(·)C−1ϕ〉 is a measure, the seond is given by
(10) and the fat that T (H) ∋ V 7→ Tr[TV ] ∈ C is trae norm ontinuous, and the last is due
to the σ-additivity of the indenite integral. Note that to get the last equality, we need the
fat that the funtion g 7→ Tr[Tβ(g)(S)] is λ˜-integrable by Lemma 3 (a). The relation (2) now
follows by polarization.
We are left to show that S is unique in the representation (2). Assume that also S ′ ∈ T (H)
is positive and of trae one, and satises (2). Let B ∈ B(G) be of nite λ˜-measure. Sine
‖β(g)(S ′)‖Tr = ‖S ′‖Tr = 1 for all g, the funtion G ∋ g 7→ χBβ(g)(S ′) ∈ T (H) (whih is λ-,
and hene λ˜-measurable by Lemma 2) is λ˜-integrable by [5, Theorem 2, p. 45℄. Hene, for eah
ϕ ∈ D(C−1), we get,
〈ϕ|A(B)ϕ〉 = 〈C−1ϕ|E(B)C−1ϕ〉 =
∫
B
〈ϕ|β(g)(S ′)ϕ〉dλ˜(g) = Tr
[
|ϕ〉〈ϕ|
(∫
B
β(g)(S ′)dλ˜(g)
)]
(by using also the fat that the funtional T (H) ∋ V 7→ Tr[|ϕ〉〈ϕ|V ] ∈ C is trae norm
ontinuous), so A(B) =
∫
B
β(g)(S ′)dλ˜(g). Now by the uniqueness of S in the representation
(10) it follows that S = S ′. The proof is omplete. 
Remark. Aording to the disussion in the beginning of the present Setion, Theorem 2
gives the following haraterization for normal ovariant maps: Let Γ : L∞(G, λ) → L(H) be
linear, positive, normal, and β-ovariant, with Γ(g 7→ 1) = I. Then there is a unique positive
operator S of trae one, suh that
〈ϕ|Γ(f)ψ〉 =
∫
f(g)〈Cϕ|β(g)(S)Cψ〉dλ˜(g), ϕ, ψ ∈ D(C), f ∈ L∞(G, λ).
This should be ompared with Theorem 2 of [11℄.
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